It is an open question whether the chromatic number of t-perfect graphs is bounded by a constant. The largest known value for this parameter is 4, and the only example of a 4-critical t-perfect graph, due to Laurent and Seymour, is the complement of the line graph of the prism Π (a graph is 4-critical if it has chromatic number 4 and all its proper induced subgraphs are 3-colorable).
Introduction
The original definition of a perfect graph (due to Berge) is, at least in appearance, a purely combinatorial condition on the gap between the chromatic number and one of its natural lower bounds; a graph is perfect if for each of its induced subgraphs, the chromatic number and the clique number are equal.
Fundamental works of Lovász [14] and Fulkerson [11] imply, as stated by Chvátal [9] , that perfect graphs are characterized by the structure of their stable set polytope (i.e the convex hull of their stable sets): a graph is perfect if and only if the facets of its stable set polytope are defined by non-negativity and clique inequalities (see Section 2 for precise definitions).
This polyhedral condition may be relaxed in various ways, each leading to a different generalization of the notion of perfection (see for example [22, 26] ). A graph is h-perfect if every facet of its stable set polytope is defined by a non-negativity or clique inequality, or by an odd circuit inequality. A graph is t-perfect if it is h-perfect and K 4 -free. The polyhedral characterization of perfection easily shows that perfect graphs are h-perfect.
Obviously, each K 4 -free perfect graph is 3-colorable. Yet, it is still open whether the chromatic number of t-perfect graphs is bounded by a constant.
Figure 1: Π and L(Π)
We say that a graph is 4-critical if it is not 3-colorable, and each of its proper induced subgraphs is 3-colorable. Laurent and Seymour showed a 4-critical t-perfect graph: the complement of the line graph of the prism Π ( Figure 1 ). Its chromatic number is 4 (as for every 4-critical graph), which is currently the largest value known for the chromatic number of a t-perfect graph.
It is easy to check that t-perfect graphs whose complement is a line graph have chromatic number at most 4 (see Section 3). These facts motivate searching for possibly more 4-critical t-perfect graphs in the class of complements of line graphs.
The first main result of this paper is a new example of a 4-critical t-perfect graph: the complement of the line graph of the wheel W 5 ( Figure 2 ). To the best of our knowledge, L(Π) and L(W 5 ) are the only known available examples of 4-critical t-perfect graphs. The other main result of the paper states that, in fact, no more such graphs can be found in the class of graphs whose complement is a line graph:
Theorem 1. L(Π) and L(W 5 ) are the only 4-critical t-perfect graphs in the class of complements of line graphs.
Using an argument of Sebő (see [7, Lemma 26] ), we easily obtain the following (strictly) stronger result as a corollary. Let χ f (G) denote the fractional chromatic number of a graph G (see Section 2).
Corollary 2. For every h-perfect graph G which is the complement of a line graph, the following statements are equivalent: i) every induced subgraph H of G satisfies χ(H) = ⌈χ f (H)⌉; ii) G does not contain L(Π) or L(W 5 ) as an induced subgraph.
A corresponding coloring or an obstruction can be easily found in polynomial-time.
Since the complexity of testing h-perfection (and even t-perfection) is still open, this raises the problem of how an h-perfect graph is given as input to the algorithm. In fact, there is no ambiguity since we will show that h-perfection can be (easily) tested in polynomial-time for graphs which are the complement of a line graph.
Every t-perfect graph G satisfies χ f (G) ≤ 3 (see Section 2), and therefore Corollary 2 yields Theorem 1, when specialized to K 4 -free graphs.
A graph is P k -free if it does not contain the path P k with k vertices as an induced subgraph. It is straightforward to check that the complement of P 6 is not a line graph. Hence, complements of line graphs form a (proper) subclass of P 6 -free graphs (whose structure is considerably richer and more difficult to study; see [8] ). Since the only known examples of 4-critical t-perfect graphs are complements of line graphs, it is tempting to further investigate the chromatic number of t-perfect graphs in the class of P 6 -free graphs.
We first observe that a result of Randerath, Schiermeyer and Tewes [20] implies that P 6 -free graphs are of no use in finding a t-perfect graph of chromatic number greater than 4 (whether such a graph exists is open). More generally, we show:
Since L(Π) and L(W 5 ) are P 6 -free, this bound is tight. In [8] , Chudnovsky et al showed the explicit list of all 4-critical P 6 -free graphs (there, 4-critical graphs are called 4-vertex-critical). There are exactly 80 such graphs, and the largest one has 16 vertices. It is not difficult to design a computer program that tests whether a graph is t-perfect (with the help of [24] , for example), and whose running time remains practical for graphs with no more than 16 vertices (recall that the computational complexity of testing t-perfection is open). Using such a program, we could check: We prove Theorem 4 as follows: the t-perfection of L(Π) and L(W 5 ) is easy to check (see Section 3) and, for each of the other seventy-eight 4-critical P 6 -free graphs, we provide a non-integral vertex of the polytope defined by non-negativity, clique and odd circuit inequalities (as a concise certificate of non-t-perfection).
Since complements of line graphs are P 6 -free, Theorem 1 appears as a direct corollary of [8] . Yet, this approach is considerably more complicated than needed, as it requires knowing explicitly the set of 4-critical P 6 -free graphs (more precisely, it needs knowing a characterization of the facets of their stable set polytope); determining this set in such a way involves some rather deep structural analysis as well as a significant amount of computer-based enumeration [8] . The proof of Theorem 1 that we present in Section 3 is significantly simpler and hopefully more specific of t-perfection (the interest of such a specific approach is discussed further in Section 4).
Related results
Chvátal introduced t-perfect graphs in [9] ; see [21, chap. 68 ] for a survey of the topic. Bruhn and Stein [7] showed that t-perfect claw-free graphs are 3-colorable, and derived as a corollary that every h-perfect claw-free graph G satisfies χ(G) = ⌈χ f (G)⌉ (a graph is claw-free if no vertex has three pairwise-non-adjacent neighbors; line graphs form a subclass of claw-free graphs). [6] shows a polynomialtime algorithm testing t-perfection in claw-free graphs. Also, deciding h-perfection in line graphs can be carried out in polynomial-time [2] . Bruhn and Fuchs [5] proved that every t-perfect P 5 -free graph is 3-colorable, by providing a certificate of non-t-perfection for each of the twelve 4-critical P 5 -free graphs (which are described explicitly by Maffray and Morel in [16] ).
Computing the chromatic number of the complement of a line graph is NP-hard, since it contains the Vertex-cover Problem for triangle-free graphs as a special case [18] . By contrast, deciding 3-colorability in the class of P 6 -free graphs (which contains the class of complements of line graph) can be carried out in polynomial-time [19] .
Outline Definitions and basic useful facts are given in Section 2. In Section 3, we show that L(W 5 ) is a 4-critical t-perfect graph and prove Theorem 1 and Corollary 2. We also show that h-perfection can be tested efficiently for graphs whose complement is a line graph, and derive Theorem 3. Further consequences of our results and open problems are deferred to Section 4. The proof of Theorem 4 is deferred to Appendix A, as it is of slightly different nature than the other proofs of the paper.
Definitions and useful facts
We work with finite undirected graphs only; they may have multiple edges but no loops. We follow [21] for standard terms and notations that are not defined in the paper.
Let G be a graph. We say that G is simple if it has no multiple edge (that is an edge which has at least one other parallel edge).
) is the set of edges of G whose ends both belong to X; G [X] is called the subgraph of G induced by X, and any subgraph of this form is an induced subgraph of G. A subgraph H of G is spanning if V (H) = V (G). We say that G contains a graph H (resp. as an induced subgraph) if G has a subgraph (resp. induced subgraph) isomorphic to H, and that G is H-free if it does not contain H as an induced subgraph.
For each vertex v of G, let δ G (v) denote the set of edges of G incident to v; the set δ G (v) is called the full star at v. A star is a subset of a full star. The degree of a vertex
A circuit is a connected graph whose vertices all have degree 2, and a path is a graph obtained by deleting a single edge from a circuit; notice that our paths have two distinct ends. The length of a circuit (or a path) is its number of edges. A circuit or path is odd if it has odd length. The complement of G, denoted by G, is the simple graph with the same vertex-set as G and whose edges are the non-edges of G. The line graph of G, denoted by L(G), is the graph whose vertex-set is E(G) and such that two edges of G are adjacent in L(G) if and only if they have at least one common end.
A stable set of G is a set of pairwise non-adjacent vertices. The largest cardinality of a stable set is written α(G). A clique of G is a stable set of G, and we write ω(G) := α(G). A k-coloring of G is a set of k stable sets of G whose union contains every vertex of G, and G is k-colorable if it has at least one k-coloring. The chromatic number of G, denoted by χ(G), is the smallest k for which G admits a k-coloring. Obviously, ω(G) ≤ χ(G). We say that G is perfect if each induced subgraph H of G satisfies χ(H) = ω(H). A graph is k-critical if it is not (k − 1)-colorable and all its proper induced subgraphs are (k − 1)-colorable. Clearly, the chromatic number of such a graph is k.
The incidence vector of a set S ⊆ V (G), denoted by χ S , is the vector of R V (G) defined for every v ∈ V (G) by: χ S (v) = 1 if v ∈ S and χ S (v) = 0 otherwise. The stable set polytope of G, denoted by STAB(G), is the convex hull of the incidence vectors of its stable sets. Obviously, each point of STAB(G) satisfies the non-negativity inequality x v ≥ 0 for every v ∈ V (G), and the clique inequality ∑ v∈K x v ≤ 1 for each clique K of G.
Clearly, for each odd circuit C of G, the odd-circuit inequality
2 is satisfied by every point of STAB(G). Let:
is defined by a non-negativity, clique, or odd circuit inequality (the facets of STAB(G) are in 1-1 correspondence with those inequalities which appear in every description of STAB(G), up to a positive scalar factor; see [21] 
for further details). In other words, G is h-perfect if and only if STAB(G) = HSTAB(G).
A graph is t-perfect if it is h-perfect and K 4 -free. Chvátal [9] showed
that a graph is perfect if and only if every facet of its stable set polytope is defined by a non-negativity or clique inequality. This directly implies that every perfect graph is h-perfect.
For n ≥ 3, let C n denote the circuit of length n, and let W n denote the graph obtained from C n by adding a new vertex adjacent to every vertex of C n . The graphs W 2k+1 (k ≥ 1) are the odd wheels. In particular, W 3 = K 4 is h-perfect (since it is perfect), but not t-perfect. The odd holes are the graphs C n for n odd and at least 5, and odd antiholes are their complements. Notice that C 5 and C 5 are isomorphic. The prism, denoted by Π, is the graph showed in Figure 1 (it is isomorphic to C 6 ). [21, pg. 1194] (further examples of minimally h-imperfect graphs are known, though no characterization has been found yet; we do not use them in this paper). Therefore, an h-perfect graph cannot contain these as induced subgraphs.
Basic polyhedral arguments show that h-perfection (and t-perfection) is closed by taking induced subgraphs. It is easy to check that odd wheels with at least 5 vertices and odd antiholes with at least 7 vertices are (minimally) h-imperfect
The fractional chromatic number of a graph G is the minimum of ∑ k i=1 λ i for nonnegative real numbers λ 1 , . . . , λ k for which there exist stable sets The duality theorem of linear programming implies the following (see [7, pg 477] for a proof):
Proposition 5. For every h-perfect graph G:
We use the convention max ∅ = −∞ to keep χ f (G) = 2 when G is bipartite. Clearly, Proposition 5 implies that every t-perfect graph G satisfies χ f (G) ≤ 3.
A matching of a graph G is a set of pairwise non-incident edges of G, and the largest cardinality of a matching is denoted by ν(G). Clearly, ν(G) = ω(L(G)). A triangle of G is the set of edges of a circuit of length 3. An ST-cover of G is a set of stars and triangles whose union contains every edge of G. The minimum cardinality of an ST-cover of G is denoted by γ(G). Obviously, every simple graph G satisfies χ(L(G)) = γ(G). A triangle with a parallel edge shows that this does not hold for non-simple graphs.
Proofs
We first derive a characterization of the h-perfection of L(H) in terms of H from a result of Shepherd [23] . A set-join of a graph G is a set {X 1 , . . . , X l } of pairwisedisjoint (possibly empty) subsets of vertices of G such that for all 1 ≤ i < j ≤ l and for each (u, v) ∈ X i × X j , we have uv ∈ E(G). The inequality associated to this set-join is:
Obviously, it is valid for STAB(G). Shepherd gave a complete description for the stable set polytope of complements of line graphs:
Theorem 6 ([23]). If G is the complement of a line graph, then each facet of STAB(G) is defined by an inequality associated to a set-join of a clique and some induced odd antiholes of G.
Clearly, any set-join of a clique and C 5 (= C 5 ) contains W 5 as an induced subgraph. Since W 5 and odd antiholes with at least 7 vertices are not h-perfect, and as h-perfection is closed for taking induced subgraphs (see Section 2), Theorem 6 implies: for every graph G which is the complement of a line graph, G is h-perfect if and only if it does not contain W 5 or an odd antihole with at least 7 vertices as induced subgraphs. This means the following:
Corollary 7. For every graph H, the following statements are equivalent: i) L(H) is h-perfect;
ii) every odd circuit of H has length at most 5, and every edge has at least one end in each circuit of length 5.
Since W 5 and Π obviously satisfy ii) and have no matching of cardinality 4, this corollary shows that L(W 5 ) and L(Π) are t-perfect. Observe that every t-perfect graph G which is the complement of a line graph has χ(G) ≤ 4. Indeed, let v ∈ V (G). Since G is t-perfect, it does not contain an odd wheel as an induced subgraph. Thus, the subgraph of G induced by the neighbors of v is bipartite. Besides, as G is a line graph, the subgraph of G induced by the non-neighbors of v is also bipartite. Combining respective 2-colorings of these two bipartite graphs directly yields a 4-coloring of G.
Seymour and Laurent observed that χ(L(Π)) = 4 [21, pg 1207] (this follows from the same type of argument as below). We now prove that L(W 5 ) is another t-perfect graph of chromatic number 4:
Proof. Since W 5 is simple, we need only to show that γ(W 5 ) = 4 (see Section 2). Let T be any circuit of length 3 of
It is straightforward to check that W 5 cannot be covered by 3 stars. Thus, each STcover of W 5 has cardinality at least 4 or contains a triangle. Besides, for each triangle T of W 5 , the graph W 5 − E(T ) has a matching of cardinality 3 and hence it cannot have an ST-cover of cardinality less than 3. This shows γ(W 5 ) ≥ 4 and the proposition.
The following two results are the main ingredients of our proof of Theorem 1. A graph G is factor-critical if for every v ∈ V (G), G − v has a perfect matching.
Theorem 9 (Cunningham, Marsh [10]). For every graph H, ν(H) is the minimum of
over all pairs of a set U of stars, and a set F of 2-connected factor-critical induced subgraphs of H, such that every edge of H belongs to a star in U or to E(F) for some F ∈ F .
We say that a graph G has an odd ear-decomposition if there exists a sequence (P 0 , P 1 , . . . , P k ) of an odd circuit P 0 and odd paths P 1 , . . . , P k of G such that ∪ k i=0 P i = G and for each i ≥ 1, only the two ends of P i belong to P 0 ∪ . . . ∪ P i−1 (this type of eardecomposition is usually called open in the literature).
Theorem 10 (Lovász [15]). A 2-connected graph is factor-critical if and only if it has an odd ear-decomposition.
We now prove Theorem 1:
as an induced subgraph. In other words, H does not contain Π or W 5 as a subgraph. We will show that χ(G) ≤ 3 and, clearly, this will prove Theorem 1 (since L(Π) and L(W 5 ) both have chromatic number 4 (see Proposition 8) and are not subgraphs of each other).
We may assume that H is simple: if e is a multiple edge of H, then e and any other edge parallel to e define two non-adjacent vertices of G which have exactly the same neighbors; it is easy to check that χ(L(H)) = χ(L(H − e)), and we can conclude using induction. Obviously, we may also suppose that H has no isolated vertex.
Assuming that H is simple, we have χ(G) = γ(H) and thus we need only to prove that γ(H) ≤ 3 (see Section 2).
Since G is t-perfect, it does not contain K 4 and ν(H) = ω(G) ≤ 3. By Theorem 9, there exist a set U of stars and a set F of 2-connected factor-critical induced subgraphs of H such that every edge of H belongs to either a star in U or to a E(F) for some F ∈ F , and:
Clearly, if F contains only circuits of length 3, then U ∪ F gives an ST-cover of H and γ(H) ≤ ν(H) ≤ 3; we are done. Thus, we may assume that F contains a 2-connected factor-critical induced subgraph F which is not a circuit of length 3. We show:
F has a spanning circuit of length 5.
By Theorem 10, F has an odd ear-decomposition (P 0 , P 1 , . . . , P k ). Suppose first that P 0 is a circuit of length at least 5. By Corollary 7, since G is t-perfect, P 0 has length exactly 5 and every edge of H has at least one end in P 0 . Hence, P 1 , . . . , P k (if they exist) must have length 1. Consequently, P 1 , . . . , P k have both their ends in P 0 , thus P 0 is a spanning subgraph of F and the conclusion follows. Suppose now that P 0 has length 3. Since H is simple (by assumption) and not a circuit of length 3, we must have k ≥ 1, and P 1 has length at least 3. By Corollary 7, since G is t-perfect, H does not contain an odd circuit of length at least 7. Thus, P 1 has length exactly 3 and P 0 ∪ P 1 contains a circuit of length 5. Hence, as above, P 2 , . . . , P k must have length 1 and have both their ends in P 0 ∪ P 1 . Therefore, any circuit of length 5 of P 0 ∪ P 1 is a spanning subgraph of F, as required. This proves (2) .
Clearly, if U ∪ F = {F} then H is a subgraph of K 5 and γ(H) ≤ γ(K 5 ) ≤ 3 (as γ is non-decreasing for the subgraph relation).
Hence, we may assume that U ∪ F = {F}. This implies that H has an edge e = uv which is not an edge of F. By Corollary 7, since G is t-perfect, e must have at least one end, say u, in F. Put u 1 := u and let C := (u 1 , . . . , u 5 ) be a spanning C 5 of F (which exists by (2)). Therefore, v / ∈ V (F). We now show :
Since |V (F)| = 5 and as {F} U ∪ F , Equation (1) shows that ν(H) ≥ 3. Since G is t-perfect, ν(H) ≤ 3 and thus ν(H) = 3. Then, by Equation (1), U ∪ F = {F,U}, where U must be either a star or a circuit of length 3.
It is straightforward to check that each maximum matching M of H (that is |M| = 3) has exactly 2 edges in the set E(F) and exactly 1 edge in U (if U is a circuit of length 3, we mean that e is an edge of this circuit); this is just the complementary slackness following from Theorem 9. In particular, the matching {e, u 2 u 3 , u 4 u 5 } shows that e belongs to U. As a consequence, if U is a star then U ⊆ δ H (u 1 ) or U ⊆ δ H (v). And otherwise, if U is a circuit of length 3, then it has exactly two vertices in F (since Corollary 7 shows that each edge of H must have at least one end in C, as G is tperfect).
Since every edge of H belongs either to E(F) or to U, this implies overall that every edge of H which is not an edge of F is incident to at least one of u 1 or v. The claim (3) then follows, as every edge has at least one end in C and as H has no isolated vertex by assumption.
We are now ready to build an ST-cover of H of cardinality 3, thus showing that γ(H) ≤ 3 and concluding the proof. Our construction depends only on the degree of v in H. Since H has no isolated vertex, d H (v) ≥ 1. As H does not contain W 5 (as a subgraph), we also have d H (v) ≤ 4.
∈ E(H), then we take the full stars at u 1 , u 3 and u 5 to form a convenient ST-cover of H. Otherwise, we simply replace the full star at u 3 by the triangle u 2 u 3 u 4 to get an ST-cover of cardinality 3. ∈ E(H), then the full stars at u 1 , u 2 and u 4 form a convenient ST-cover. Otherwise, we replace the full star at u 4 with the triangle u 3 u 4 u 5 . Now, suppose that the neighbors of v are not consecutive on C. By symmetry, we may assume that N H (v) = {u 1 , u 3 }. If both u 2 u 5 and u 2 u 4 are edges of H, then the triangle u 2 u 4 u 5 and the full stars at u 1 , u 3 form an ST-cover cover with 3 elements. Hence, suppose that one of these two edges do not belong to H. By symmetry again, we may assume that u 2 u 5 / ∈ E(H). Then, the full stars at u 1 , u 3 and u 4 form an ST-cover of H as required. 
This proof directly yields a polynomial-time algorithm finding a 3-coloring or showing L(Π) or L(W 5 ) as an induced subgraph, for every t-perfect graph whose complement is a line graph.
The following lemma of Sebő is the key-argument in showing Corollary 2 as a consequence of Theorem 1. It is stated and proved in [7] (with the additional assumption that the graph is claw-free, yet this hypothesis is not used in the proof, hence the result holds in fact for every h-perfect graph):
Lemma 11 (Sebő, Lemma 26 in [7]). If G is an h-perfect graph and ω(G) ≥ 3, then G has a stable set intersecting every clique of maximum cardinality.
Proof of Corollary 2. Since L(Π) and L(W 5 ) are t-perfect, Proposition 5 shows that their fractional chromatic number is at most 3. The implication i)⇒ii) follows, since they are not 3-colorable.
Conversely, let G be an h-perfect graph which is the complement of a line graph and which does not contain L(Π) and L(W 5 ) as induced subgraphs. We need only to prove that χ(G) ≤ ⌈χ f (G)⌉ (since the other inequality always holds).
First, suppose that ω(G) ≤ 3. If G is bipartite, then χ f (G) = 2 = χ(G) and we are done, thus we may assume that G is not bipartite. Hence, χ f (G) > 2. Besides, since G is t-perfect, Proposition 5 implies that χ f (G) ≤ 3. Therefore, ⌈χ f (G)⌉ = 3. By Theorem 1, χ(G) = 3 and the conclusion follows.
We conclude by induction on ω: if ω(G) ≥ 4 then, by Lemma 11, there exists a stable set S such that ω(G − S) = ω(G) − 1. It is straightforward to check that Proposition 5 implies the equalities χ f (G − S) = ω(G − S) and χ f (G) = ω(G) (as both G and G − S have a clique of cardinality 3). Therefore, by induction:
as required.
Bruhn and Stein [7] observed that a stable set as in Lemma 11 can be found in polynomial-time (through the Ellipsoid method [13] ). It is not surprising that this can be carried out in a much simpler way for the special case of h-perfect graphs whose complement is a line graph. Indeed, this is equivalent to find either a star or a triangle intersecting every maximum matching, in a graph satisfying conditions (i) and (ii) of Corollary 7. Clearly, any star or triangle in an optimal cover given by Theorem 9 is convenient (by complementary slackness). On the other hand, if such an optimal cover does not contain any star or triangle, then it is easy to find a convenient star or circuit directly.
Therefore, this and the proof of Corollary 2 show that for every h-perfect graph G which is the complement of a line graph, a coloring of G using ⌈χ f (G)⌉ colors or an induced subgraph of G isomorphic to L(Π) or L(W 5 ) can be found in polynomial-time.
We now show a polynomial-time algorithm testing h-perfection in the class of complements of line graphs.
Proposition 12. H-perfection can be tested in polynomial-time in the class of graphs whose complement is a line graph.
Proof. It is well-known that deciding whether a graph is a line graph (and finding a source graph if it exists) can be done in polynomial time [1] . Hence, by Corollary 7, we need only testing whether an input graph H satisfies the following two conditions: (i) each edge of H has at least one end in each circuit of length 5, and (ii) every odd circuit of H has length at most 5.
We start with testing whether H contains an odd circuit of length at least 5. This can be done in polynomial-time using an algorithm of Trotter [25] . Obviously, if H has no odd circuit of length at least 5, then conditions (i) and (ii) are satisfied, thus L(H) is h-perfect and we are done. On the other hand, if the algorithm of [25] shows an odd circuit of length at least 7, then (ii) is false and therefore L(H) is not h-perfect.
Hence we may assume that H contains a circuit C of length exactly 5. Since (i) can be tested in polynomial time (obviously), we may also assume that it holds.
We show that these additional assumptions ensure that H cannot have a circuit of length greater than 10. Indeed, let D be a circuit of H of length N ≥ 6. Since |V (D) \ V (C)| ≥ N − 5, and as (i) holds (by assumption), V (D) \ V (C) is a stable set of D. On the other hand, it is straightforward to check that the cardinality of a largest stable set of the cycle on N vertices is ⌊N/2⌋. Hence, N − 5 ≤ ⌊N/2⌋, which implies N ≤ 10.
Therefore, checking (ii) only requires testing whether H contains C 7 or C 9 as a subgraph. Clearly, this can be carried out in polynomial-time.
We end this section by showing Theorem 3 as a direct corollary of the following result, due to Randerath, Schiermeyer and Tewes. The Mycielski-Grötzsch graph is showed in Figure 3 .
Theorem 13 ([20]). The Mycielski-Grötzsch graph is the only 4-critical triangle-free P 6 -free graph.
Gerards and Shepherd [12] proved that for every t-perfect graph G and for every vertex v ∈ V (G) whose neighborhood is a stable set: the graph obtained by identifying v and its neighbors to a single vertex is t-perfect (loops and multiple edges which may arise are deleted). This implies that the Mycielski-Grötzsch graph is not t-perfect. Indeed, contracting every edge incident to u yields W 5 (see Figure 3) , which is not t-perfect. Proof of Theorem 3. Let G be a t-perfect P 6 -free graph. Suppose first that ω(G) ≤ 2, that is G is triangle-free. Since the Mycielski-Grötzsch graph is not t-perfect (see the discussion above), G cannot contain it as an induced subgraph (as t-perfection is closed for taking induced subgraphs). Therefore, since G is P 6 -free, Theorem 13 directly implies that χ(G) ≤ 3. Hence, we may assume that ω(G) ≥ 3. By Lemma 11, there exists a stable set S of G such that ω( 
Final remarks
We proved that L(Π) and L(W 5 ) are the only minimal obstructions to 3-colorability for t-perfect graphs which are complements of line graphs. We do not know whether there are more obstructions to 3-colorability for every t-perfect graph, nor if there exists a 5-chromatic t-perfect graph. Besides, the computational complexity of determining the chromatic number of a t-perfect graph is still open.
Sebő conjectures that every t-perfect triangle-free graph is 3-colorable (Conjecture 25 in [7] ). By Lemma 11, this would imply that every t-perfect graph is 4-colorable. As stated by Theorem 3, this conjecture is true for P 6 -free graphs.
A graph is nearly-bipartite if each vertex has at least one neighbor on each odd circuit. It is easy to check that nearly-bipartite graphs, as P 6 -free graphs, form a superclass of complements of line graphs. Using Theorem 1, [3] 
proves that L(Π) and L(W 5 ) are the only 4-critical t-perfect nearly-bipartite graphs.
We prove in Appendix A that L(Π) and L(W 5 ) are the only 4-critical t-perfect P 6 -free graphs (Theorem 4). Notice that the proof of Corollary 2 shows more generally the following, for every class of graphs C which is closed by taking induced subgraphs. Let F be the set of 4-critical t-perfect graphs in C . For every h-perfect graph G ∈ C : χ(H) = ⌈χ f (H)⌉ for every induced subgraph H of G if and only if G does not contain a graph of F as an induced subgraph.
Hence, the equivalence stated by Corollary 2 holds more generally for t-perfect P 6 -free graphs. Furthermore, results of [8] and [19] easily imply that an optimal coloring or an obstruction can be found in polynomial-time. Yet, it is still open whether tperfection can be tested in polynomial-time in the class of P 6 -free graphs (Bruhn and Fuchs [5] showed that this is true at least for the subclass of P 5 -free graphs).
We determined the 4-critical t-perfect P 6 -free graphs by providing, for each graph other than L(Π) and L(W 5 ) in the explicit list of all 4-critical P 6 -free graphs [8] , a certificate of non-t-perfection, built independently for each graph. The same approach is used in [5] to show that every t-perfect P 5 -free graph is 3-colorable. Alternative proofs of these results, using more general arguments (as given here in the special case of complements of line graphs), are certainly of interest since the listing approach fails when excluding larger induced paths: for every k ≥ 7, the set of 4-critical P k -free graphs is infinite [8] .
A Proof of Theorem 4
A basic polyhedral argument shows that a K 4 -free graph G is t-perfect if and only if all the vertices of the polytope HSTAB(G) are integral, that is they have integer coordinates only (HSTAB(G) is defined by the non-negativity, clique and odd circuit inequalities associated to G; see Section 2).
Hence, to prove that a K 4 -free graph G is not t-perfect, it suffices to show a nonintegral point z ∈ HSTAB(G), and
| of non-negativity, cliques or odd circuits, such that the real vectors a 1 , . . . , a |V (G)| are linearly independent; it is well-known that such inequalities certify that z is a vertex of HSTAB(G).
We now use this observation and a result of [8] to prove Theorem 4, which states that L(Π) and L(W 5 ) are the only 4-critical t-perfect P 6 -free graphs.
The eighty 4-critical P 6 -free graphs are determined explicitly in [8] . In the list [4] , these graphs are referred to as 4-vertex-critical P 6 -free graphs and are given encoded in GRAPH6 format [17] ; L(Π) and L(W 5 ) are respectively encoded as the GRAPH6 strings HErb`yi and I?Becw}Yo.
The t-perfection of L(Π) and L(W 5 ) is proved in Section 3. Furthermore, K 4 is a 4-critical P 6 -free graph whose non-t-perfection is trivial (it is encoded as "C~" and is the first graph in the list at [4] ). Hence, it only remains to show a non-integral vertex of HSTAB for each of the other seventy-seven 4-critical P 6 -free graphs (they are K 4 -free, since they are 4-critical and not K 4 itself).
The two Tables 1 and 2 provide, for each of these 77 graphs, the GRAPH6 code as given in [4] , an adjacency list and a non-integral vertex of HSTAB (we give nonredundant adjacency lists, meaning that for each pair i j with i < j, i j is an edge of the graph if and only if j is in the list of i). Checking that this point is indeed a vertex of HSTAB is straightforward. Hence, Theorem 4 is proved.
Among the eighty 4-critical P 6 -free graphs, only five of them are such that HSTAB has a unique non-integral vertex. In fact, they are minimally t-imperfect [5, 7] . We emphasize these 5 graphs (except K 4 ) in the Tables 1 and 2 by giving an alternative description (in parentheses) to the GRAPH6 code; C k n denotes the graph obtained from the cycle C n by adding all edges between two vertices at distance at most k on C n . 
